Abstract. We study rational fibrations where the fibre is an r-dimensional torus and the base is a formal space. We make use of the Eilenberg-Moore Spectral Sequence to prove the Toral Rank Conjecture in some cases.
Introduction
The purpose of this note is to present a class of manifolds for which the Toral Rank Conjecture holds. Recall that for a finite dimensional connected smooth manifold E we call rank of E, and denote it by rk(E), the maximum integer r such that there is an almost free action of the r-dimensional torus T r on E (see [4, chapter 5 
] [8]). Then the Toral Rank Conjecture is the following

Conjecture 1. [4, section 5.2] Let E be a finite dimensional smooth simply connected manifold and let r = rk(E). Then the (rational) cohomology of E has dimension at least 2 r .
Recall that any connected CW-complex M of finite type has a (minimal) Sullivan model (ΛX M , d) which computes its rational cohomology, H * (ΛX M , d) = H * (M ) (when M is simply-connected, X M gives also the homotopy of M , see [1] ). Then we define rational fibration as in [7] . Morally, T → E → B is a rational fibration if it has a KS model. We remark that if T → E → B is a fibration with B 1-connected, then it is a rational fibration [5, section 6] . We shall henceforth assume that B is always 1-connected.
Now suppose that T = T r acts almost freely on E. Then B = E/T is a finite CW-complex and T → E → B turns out to be a rational fibration [1, section 5] . This allows us to express conjecture 1 in more natural homotopy terms as One might say that conjecture 1 is the geometric version and conjecture 2 is the rational homotopy version. Conjecture 2 implies conjecture 1 but there is no reason for the converse to hold. The Toral Rank Conjecture 1 is proved in many cases, for example when E is a product of spheres, a homogeneous space or a homology Kähler manifold (see [4, chapter 5] ). Let us state our main two results. Theorem 4 is a consequence of propositions 10 and 12 together with lemma 8. The paper is organised as follows. In section 2 we give a suitable model for E when B is formal and T → E → B is a rational fibration. We use it to prove theorem 3. In section 3 we recall the Eilenberg-Moore Spectral Sequence and use it to prove theorem 4. We will assume throughout that all spaces are connected, of finite type and with finite dimensional rational cohomology. Basic references for rational homotopy theory and Sullivan models are [4] [3] [10] , rational fibrations are introduced in [7] .
Acknowledgements. I am indebted to Aniceto Murillo, Greg Lupton and Antonio Viruel for very stimulating conversations. Special thanks to Aniceto Murillo for carefully reading first versions of this paper and pointing out many improvements. The author is grateful to the referee for pointing out a mistake in a previous version of lemma 8. 
where (ΛX B ⊗ΛX T , D) is a model (not minimal in general) of E. The KS-extension (1) is determined by
Geometrically, this corresponds to the following. As B is 1-connected, the rational fibration T → E → B is determined by a (rational) classifying map B → BT , where BT is the classifying space for the torus T . This gives a morphism of rings
, which is the one defined above.
Lemma 5. Suppose B is formal. Then a model of E is given by (H
* (B) ⊗ H * (T ), d), d(h ⊗ y i ) = x i · h ⊗ 1. In particular, H * (E) = H(H * (B) ⊗ H * (T ), d).
Proof. Consider the model (ΛX B ⊗ ΛX T , D) of E given by the KS-extension (1).
As B is formal, there is a quasi-isomorphism ψ :
for any finite dimensional R-module M . This would give an affirmative answer to conjecture 2 for any formal space B.
Note that for an R-module M , we have 
This theorem covers many examples. 
As B is formal and χ even (B) = 2 − n, conjecture 2 holds for these fibrations when n = 2. The case n = 2 can be worked out explicitly. In this case, H * 
Use of Eilenberg-Moore Spectral Sequence
Let T → E → B be a rational fibration with T = T r , whose associated KSextension is (1) . Consider the Koszul resolution of Q given by 
is a quasi-isomorphism. So we have a KS-extension
where the term in the middle is a model for B and the term in the right a model for E. Then E * * r is the usual Eilenberg-Moore Spectral Sequence associated to (3). Geometrically, this corresponds to the following. The fibration T → E → B is determined by a (rational) classifying map B → BT which yields a rational fibration E → B → BT with KS-extension (3) (recall that (R, 0) is a minimal model for BT ). The Eilenberg-Moore Spectral Sequence associated to this fibration is E * * r (see [9] ). With this understood, we aim to prove theorem 4. First a technical lemma. Proof. Let S 0 be the localisation of S at m. Its Krull dimension is Kd(S 0 ) = n, so by [2, theorem 11.14], m ≥ n. Now suppose m = n. Since for any local noetherian ring A and f ∈ m A it is Kd(A)−1 ≤ Kd(A/f ) ≤ Kd(A), we must have Kd(S i ) = n−i, where
To prove that f 1 , . . . , f n is a regular sequence we have to prove that f i+1 is not a zero divisor in S i , 0 ≤ i ≤ n − 1. Suppose f i+1 is a zero divisor. Then there must be a minimal prime p ⊃ (f 1 , . . . , f i ) with f i+1 ∈ p. By [2, corollary 11.16], ht p ≤ i, so Kd(S/p) ≥ n − i, hence Kd(S i+1 ) ≥ n − i, which is a contradiction. Now suppose m > n. We shall construct g 1 , . . . , g n inductively such that they are a regular sequence and (up to reordering f i ) I = (g 1 , . . . , g i−1 , f i , . . . , f m ) . Let Let p 1 , . . . , p k be the minimal primes containing (g 1 , . . . , g i−1 ). Define
. As a conclusion, there is an element µ not lying in any H j , so
∈ ∪p j . This means that g i is not a zero divisor in S 0 /(g 1 , . . . , g i−1 ). We reorder f i , . . . , f m suitably and repeat the process.
Remark 9. The elements g i obtained in the proof of the previous lemma are not homogeneous in general, even when the elements f i are so. It is probably the case that we cannot arrange them to be homogeneous.
Proposition 10. Let B be formal and with finite-dimensional cohomology. Suppose that
Proof. By the discussion above, we only need to bound below the dimension of Tor R (H * (B), Q). As in the proof of theorem 3, this splits as
where k ≥ 0 (it is possible that we have added some algebra generator z j together with a relation f i = z j , but still we have the same number of generators and relations). 
Remark 11. By a result of Halperin [6] (see also [4, (1) If k = 0, take the Koszul complex for the given presentation of
The main point is that this is not a resolution (i.e. it is not a quasi-isomorphism). In fact, Departamento deÁlgegra, Geometría y Topología, Facultad de Ciencias, Universidad de Málaga, 29071 Málaga, Spain E-mail address: vmunoz@agt.cie.uma.es
